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Abstract— We present a fast nonlinear approximation
method for marginalizing out nodes on pose graphs for long-
term simultaneous localization, mapping, and navigation. Our
approximation preserves the pose graph structure to leverage
the rich literature of pose graphs and optimization schemes. By
re-parameterizing from absolute- to relative-pose spaces, our
method does not suffer from the choice of linearization points
as in previous works. We then join our approximation process
with a scaled version of the recently-demoted pose-composition
approach. Our approach eschews the expenses of many state-
of-the-art convex optimization schemes through our efficient
and simple O(N2) implementation for a given known topology
of the approximate subgraph. We demonstrate its speed and
near optimality in practice by comparing against state-of-the-
art techniques on popular datasets.

I. INTRODUCTION

Resource management for long-term simultaneous local-
ization and mapping (SLAM) is a critical hurdle to overcome
when developing robust perception methods for autonomous
navigation [3]. While filtering and sliding-window SLAM
methods provide a low memory footprint [27], lineariza-
tion errors accumulated over the unbounded time horizon
make these techniques unsuitable for long-term navigation
tasks. On the other hand, optimally-stable methods such as
batch and incremental smoothing [9], [19] require memory
and computational resources too vast for most commercial
robotic systems.

Systems continuously operating across long time periods
compromise between data persistence and minimum pro-
cessing requirements by efficiently sparsifying their data
representation while retaining as much information as pos-
sible. Graph sparsification has long been actively explored
in SLAM research, with early work attempting to minimize
information loss resulting from edge removal [18], [28],
[12], [13], [29]. More recent work explores efficient node
marginalization approximation (either coupling or decou-
pling with edge sparsification) by searching for summarizing
factors and virtual measurements minimizing the Kullback-
Leiber Divergence (KLD) with respect to the original distri-
bution [16], [5], [4], [23], [22], [11], [25]. However, these
state-of-the-art methods struggle to strike a balance between
accuracy, sparsity, and computability.

In this paper, we present a fast and near-optimal nonlin-
ear approximation method to sparsify a pose graph while
maintaining its core structure. A pose graph is a graph-
based SLAM representation, where nodes are diachronic,
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Fig. 1. A pose graph example. Each binary factor (dots) represents the
relative pose likelihood function. Marginalizing out X2 only involves its
neighboring factors (red) and nodes inside the shaded area.

unknown variables of robot poses and edges represent pair-
wise, relative pose measurements between nodes. Modern
methods such as GLCs [4] or Cliquey Subgraphs [22] utilize
various factors to approximate post-marginalization graph
information. Our improved method preserves the pose graph
structure to leverage its well-studied properties [6], [26], [7]
and fast optimization schemes [10], [14], [24], [30].

Preserving the pose graph pairwise structure after node
marginalization is a nontrivial problem due to the resultant
dense factor correlating neighboring nodes [20]. Since the
pose variable manifolds and relative-pose measurement func-
tion are nonlinear, the dense factor is normally approximated
by a linear Gaussian distribution. To retain pose graph
structure, this dense Gaussian factor is again approximated
with a set of pairwise nonlinear relative pose factors, the
linearization of which must match the marginal Gaussian as
close as possible. However, computing this set of nonlinear
factors is challenging because the Jacobians of the linearized
relative-pose measurement function have a very specific form
and depend on unknown future linearization points.

State-of-the-art pose graph sparsification methods suffer
from either accuracy or time-performance problems. [4], [16]
and [22] have noted the pose composition approach used
in [10] is indeed fast but suffers from double counting,
resulting in an overly-confident graph post-marginalization.
Conversely, the recent Nonlinear Factor Recovery (NFR)
method [23], [22] produces the optimal approximation but
with substantial performance overhead due to a convex opti-
mization procedure on the space of symmetric positive semi-
definite covariance matrices, making NFR unsuitable for
resource-constrained robotics platforms. Although closed-
form solutions for NFR exist under certain conditions, those
cases are too simple to be good approximations in practice.

Our proposed nonlinear approximation method can both
achieve near-optimal results and attain best-in-class speed
and simplicity due to its pose composition implementation.



The specific advantages of our method and our key contri-
butions in this paper are the following:
• We introduce a new re-parameterization view for the

stated problem using variable elimination on factor
graphs with hard constraint factors. This exactly pre-
serves graph information since no new information is
being introduced to the original graph.

• Through re-parameterization of the problem from ab-
solute to relative poses, we avoid choosing either local
or global linearization points as in previous works [4],
[11], [22]. Also, our choice of re-parameterization
makes our method independent of unknown future lin-
earization points.

• Using the relative-pose re-parameterization, we show
the connection of the pose composition method with the
well-known product-of-marginals approximation and
prove the technique’s optimality in full-rank target sub-
graph topologies, e.g. tree structures.

• We propose a fast solution based on spanning trees
of the target subgraph for the final approximation step
to find an independent Gaussian approximation mini-
mizing the KLD for a degenerate low-rank Gaussian
distribution.

• We connect our method with the traditional pose com-
position approach used in [10] to enjoy its powerful
yet simple implementation and O(N2) complexity, with
N being the number of edges in the subgraph which
approximates the original dense marginal factor.

II. PROBLEM FORMULATION

A. Pose graph preliminary

A pose graph (Fig. 1) is a specific type of factor graph [9]
with exactly one type of node to represent robot poses and
one type of pairwise edge factors (save for a special prior
factor on the first node) to represent relative pose measure-
ments between the nodes. Begin with a set of robot poses
X = {Xi}i=0..M on a Special Euclidean group SE(n) [2]
and independently distributed relative pose measurements
Z̄ = {z̄ij ∈ SE(n)} between the poses. The resulting pose
graph represents the factorization of the posterior probability

p(X0, . . . , XM |Z̄) ∝ p(X0)
∏
ij

p(z̄ij |Xi, Xj), (1)

which is maximized to find the maximum a posteriori (MAP)
estimate for the given pose graph. The relative pose measure-
ments are commonly assumed to be Gaussian-distributed,
and the likelihood function corresponding to each pairwise
factor in the pose graph takes the form

p(z̄ij |Xi, Xj) ∝ exp(−1

2

∥∥log(z̄−1
ij (X−1

i Xj))
∥∥2

Σij
), (2)

where log(·) is the mapping between the SE(n) manifold
to its se(n) Lie algebra vector space.

Optimizing (1) is equivalent to minimizing its negative log,
which is a nonlinear least-squares problem. Standard tech-
niques to compute the MAP estimate linearize at the current

guessed solution, solve the linear least-squares problem, and
update the estimate until it converges [9].

The linearization of (1) is a factor graph of Gaussian
factors. Using the exponential map representation Xi =
X̊i exp(xi)—where X̊i is the current linearization point,
exp(·) the exponential map from se(n) to SE(n), and xi ∈
se(n)—the linearization of (2) is equivalent to a Gaussian
factor of the form [2]

p(z̄ij |xi, xj) ∝ exp(−1

2

∥∥∥−Adz̄−1
ij
xi + xj − eij

∥∥∥2

Σij

), (3)

where eij = log(z̄−1
ij (X̊−1

i X̊j)) is the error vector and the
Jacobian Adz̄ is the Adjoint map matrix of z̄ on SE(n) [17].

B. Node marginalization

Marginalizing out a node Xk from the graph only involves
operations on directly-connected factors [20] (see Fig. 1).
This is demonstrated by∫
Xk

p(X0, . . . , XM |Z̄) ∝ p(X0)
∏

i 6=k,j 6=k

p(z̄ij |Xi, Xj)

×

∫
Xk

∏
Xl∈NB(Xk)

p(z̄kl|Xk, Xl)

 ,

(4)

where NB(Xk) is the set of Xk’s neighboring nodes and
p(z̄kl|Xk, Xl) are its neighboring factors. Marginalizing
out Xk from its neighboring subgraph is equivalent to a
variable elimination process [20], refactoring the product of
the neighboring factors into a conditional distribution on Xk

and a new factor f(·) on its neighbors∏
Xl∈NB(Xk)

p(z̄kl|Xk, Xl) = p(Xk|NB(Xk))f(NB(Xk)).

For tractability reasons, the marginalization is performed on a
linearized version of the graph, resulting in a dense Gaussian
factor f(NB(xk)) linearly approximating the ideal nonlinear
marginal factor at the chosen linearization point.

This marginalization only involves neighboring factors of
a node. Therefore, what follows in this paper simplifies the
index notation by focusing on marginalizing out X0 with its
set of N neighbors X1..N = NB(X0) = {X1, . . . , XN}
without losing generality. We are only interested in the
neighboring subgraph of X0 (Fig. 2) which corresponds to
the density subgraph

f(X0..N ) ,
∏

i=1..N

p(z̄0i|X0, Xi) (5)

with its corresponding linearized graph

f(x0..N ) ,
∏

i=1..N

p(z̄0i|x0, xi), (6)

where p(z̄0i|X0, Xi) and p(z̄0i|x0, xi) are defined in (2) and
(3), respectively.
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Fig. 2. Nonlinear Factor Approximation problem. Left: The neighboring subgraph of interest to marginalize out X0. Middle: The graph after marginalizing
out X0. Right: The desired pose graph that approximates the marginalization result with pairwise factors.

C. Nonlinear factor approximation
The Gaussian factor f(x1..N ) resulting from marginalizing

out X0 requires large computational resources and breaks
the pose graph structure. Recent work attempts to reduce its
density [4], [16], maintain the pose graph structure [10], or
implement some combination of the two [22], [11].

To maintain the pose graph structure, we must approximate
f(x1..N ) with a target subgraph of nonlinear relative-pose
factors q(z̄ij |Xi, Xj) of the form in (2), where (Xi, Xj)
are pairs of X0’s neighbors connected in the subgraph.
Specifically, we find the means z̄ij and covariances Σij of
the nonlinear factors q(z̄ij |Xi, Xj) in the target subgraph to
minimize the KLD such that

z̄∗ij ,Σ
∗
ij = argmin

z̄ij ,Σij

KL(f(x1..N ) ‖ q(x1..N ))

= argmin
z̄ij ,Σij

KL(f(x1..N ) ‖
∏
ij∈K

q(z̄ij |xi, xj)), (7)

where q(x1..N ) is the linearized version of the nonlinear
subgraph q(X1..N ) =

∏
ij∈K q(z̄ij |Xi, Xj) and K =

{(i, j)}i,j∈1..N is the target subgraph topology. Our method
is generic to the target subgraph’s topology, ranging from
the sparsest Chow-Liu tree [8] to the fully-dense clique.
Different strategies to choose a topology have been discussed
extensively in previous work [4], [22].

In this KLD minimization problem, solving for the op-
timal covariance Σ∗ij of the nonlinear factor q(z̄ij |Xi, Xj)
is challenging for several reasons. First, the covariance of
the Gaussian factor f(x1..N ) may take any arbitrary form,
whereas the covariance of its approximation, the linearized
subgraph q(x1..N ), is constrained in a subspace of special
Jacobian matrices of its Gaussian factors in (3)—specifically,
the Adjoint and the Identity matrices. The covariances Σ∗ij
belong to a non-Euclidian space of symmetric positive semi-
definite matrices, so convex optimization techniques are
needed to minimize (7) [22].

III. RE-PARAMETERIZATIONS

We consider each relative-pose measurement between Xi

and Xj as a random variable Zij . Each nonlinear binary
factor q(z̄ij |Xi, Xj) between Xi and Xj is equivalent to
a Gaussian distribution p(Zij) on Zij with mean z̄ij and
covariance Σij . Hence, the original density f(X0..N ) before
marginalizing out X0 in (5) is equivalent to the distribution∏
i=1..N p(Z0i) on the relative-pose random variables Z0i’s,

where
Z0i = X−1

0 Xi (8)
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Fig. 3. Reparameterization from absolute to relative poses. Left: The
original graph augmented with relative pose random variables and hard con-
straints (cross) representing their relation with the corresponding absolute
poses in Eq. (8). Right: The equivalent independent distribution on relative
poses after eliminating all absolute poses.

and p(Z0i)= N (z̄0i,Σ0i) according to (2).
This re-parameterization step can be done explicitly by

adding special factors representing the hard constraint (8) to
the original X0’s neighboring subgraph (Fig. 3). As an exact
equivalence, hard constraint factors are degenerate delta
distributions carrying no new information, so adding them to
the graph does not alter the total amount of information. We
then eliminate all absolute poses X0, . . . , XN to obtain the
equivalent independent distribution

∏
i p(Z0i) defined on the

relative poses. The resulting graph of relative poses (Fig. 3-
right) includes unary factors that are exactly equivalent to
the constraints in the original absolute graph in Fig. 2-left.

With the relative-pose parameterization, our non-linear
factor approximation problem becomes finding an indepen-
dent distribution of relative poses

∏
ij∈K q(Zij) correspond-

ing to the target absolute-pose subgraph topology K that
best approximates the distribution

∏
i p(Z0i), which itself is

equivalent to the original distribution in (5).
We follow NFR to approximate the mean of the target

distribution as z̄ij = X∗−1
i X∗j , where X∗i ’s the current MAP

estimate. To solve for the covariance Σij , our strategy is
to first find the joint distribution p({Zij}ij∈K) of the new
relative poses Zij’s corresponding to the target subgraph
topology K and approximate it with an independent distri-
bution

∏
ij∈K q(Zij).

To find the joint distribution p({Zij}ij∈K), we note that

Zij = Z−1
0i Z0j . (9)

Therefore, we can use the same technique as before to
augment the relative-pose graph in Fig. 3-right with new
variables Zij and hard constraints representing (9) (Fig. 4-
left). After eliminating all variables Z0i’s, the result is a
dense factor on Zij’s representing their joint distribution
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Fig. 4. Nonlinear Factor Approximation problem in relative-pose space. Left: The original distribution augmented with relative poses of the target
subgraph topology and hard constraints. Middle: The distribution of the new edge measurements after marginalizing out the original measurements. Right:
The desired independent approximate distribution of the new edge measurements, which is equivalent to our target pose graph in Fig.2-right.

p({Zij}ij∈K) (Fig. 4-middle). As discussed, the variable
elimination process occurs on the linearized version of the
graph, and its result is a dense Gaussian factor p({zij}ij∈K)
on the tangent vectors zij ∈ se(n) of Zij . Linearizing the
hard constraint (9) results in

zij = −AdZ−1
0j
z0i + z0j . (10)

At the linear level, the problem is mathematically equivalent
to an affine transform of a Gaussian distribution y = Az,
where y = [{zij}ij∈K ]T and z = [z01 ... z0N ]T are vectors
created by stacking all corresponding tangent vectors from
the relative-pose graph, and the matrix A is determined from
(10). This shows that the covariance matrix of the joint
density p(y) , p({zij}ij∈K) is simply Σjoint = AΣ0A

T ,
where Σ0 = diag(Σ01, . . . ,Σ0N ) is the block diagonal
matrix of the covariances of the measurements {Z0i}i=1..N .

IV. APPROXIMATION

After obtaining the joint density distribution p({zij}ij∈K),
the final step is to approximate it with an independent
Gaussian distribution

∏
ij∈K q(zij). Each component q(zij)

provides the covariance Σij to produce the desired edge
measurements (Fig. 4-right).

A. Full-rank Gaussian Approximation and the Connection
with Pose Composition Method

When the distribution p({zij}ij∈K) has full rank, the best-
approximating independent distribution becomes the cummu-
lative product of each variable’s marginal distributions:

p({zij}ij∈K) ≈
∏
ij∈K

p(zij),

where p(zij) ,
∫
p({zij}ij∈K)δzlk,lk 6=ij .

Hence, the optimal component q(zij) in this case is simply
the marginal distribution p(zij). This has been proven more
generally in [1], Theorem 1, which approximates a Gaussian
distribution with a tree structure.

As we have previously discussed, computing the marginal
distribution p(zij) from the joint distribution p({zij}ij∈K)
is possible using variable elimination. However, the variable
elimination process possesses O(N3) worst-case time com-
plexity, rendering it unsuitable for many situations.

Fortunately, a faster and simpler method to compute
p(zij) exists through the recently-demoted pose composition

⇔

Xi XjX0
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Z0i Z0j
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Fig. 5. Marginalization on a simple graph with two edges (left) and the
equivalent relative-pose representation of the process.

approach. We first notice from the augmented graph in Fig. 4-
left that each new variable Zij only depends on Z0i and Z0j .
In fact, the joint density of that graph can be factorized as:

p({Z0i}1..N , {Zij}K) =

N∏
i=1

p(Z0i)
∏
ij∈K

p(Zij |Z0i, Z0j)

= p(Zij |Z0i, Z0j)p(Z0i)p(Z0j)

×
∏
u 6=i,j

p(Z0u)
∏
uv 6=ij

p(Zuv|Z0u, Z0v)

Marginalizing out all variables u, v uncorrelated with
Zij results in a simple subgraph of only three factors
p(Zij |Z0i, Z0j), p(Z0i) and p(Z0j), in which the first one
represents the hard constraint in (9). Remarkably, this sub-
graph of relative poses is exactly equivalent to the one
used to marginalize out X0 from the graph of two edges
(Xi, X0) and (X0, Xj) to obtain the measurement of the
new edge (Xi, Xj) as shown in Fig. 5. Due to the hard
constraint, the marginal distribution of Zij can be easily
obtained by composing the distributions of Z−1

0i and Z0j .
The absolute-graph equivalent view is that we obtain the
measurement of the new edge (i, j) by composing together
the measurements of two edges (i, 0) and (0, j). Formulas
to compose two distributions of poses have been studied
extensively in literature, and recent work achieves up to
second-order accuracy on SE(3) ([2], Section III).

In summary, we see the pose composition approach used in
[10] essentially computes the relative-pose marginal distribu-
tions corresponding to the new edges of the target subgraph
topology. If the joint distribution of relative poses is full-
rank, this method guarantees the optimal solution.



B. Degenerate Gaussian Approximation
Unfortunately, p({zij}ij∈K) is not typically full rank,

therefore the above does not always hold. The relative-pose
graph is only full-rank if the topology K of its equivalent
absolute-pose subgraph is a tree. This can be observed by
choosing a spanning tree of the absolute-pose graph. Any
edge (i, j) not belonging to this spanning tree forms a cycle

i→ j → t1 → t2 → · · · → tk → i,

where {(j, t1), {(tl, tl+1)}l=1..k−1, (tk, i)} are edges in the
spanning tree involved in the cycle. The property indicates
the relative pose Zij , corresponding to the non-spanning-
tree edge (i, j), is fully determined by composing other
poses corresponding to spanning-tree edges in this cycle:
Zij = ZitkZtktk−1

. . . Zt1j . From this, the tangent vector
zij is related to other vectors in the cycle via a hard
constraint, so p({zij}ij∈K) is not full rank. The product of
marginal distributions

∏
ij∈K p(zij) is no longer the best

approximation of the rank-deficient density p({zij}ij∈K)
because it double-counts information. In summary, this result
indicates the pose composition method falls short.

Our method to approximate the degenerate Gaussian dis-
tribution p({zij}ij∈K) is based on the above analysis of
spanning trees. Let G be the number of spanning trees in the
absolute-pose target subgraph, and S = {S1, S2, . . . , SG} the
set of all spanning trees, where Sk is the set of all relative-
pose variables zij corresponding to edges on the kth spanning
tree, and S\k the set of variables not in Sk. The orignal
distribution can be factorized and approximated as:

p({zij}ij∈K) = p(Sk)p(S\k|Sk) = p(Sk) ≈
∏

zij∈Sk

p(zij).

for any tree k ∈ 1..G. This is possible since the conditional
p(S\k|Sk) is a degenerate delta distribution, as each variable
in S\k does not belong to the tree Sk, forms a cycle with
other tree edges, and can be fully determined by them.
Furthermore, the variables in Sk cannot be fully determined
from any others in the set, so p(Sk) has full rank and the
best approximation of p(Sk) is the product of the marginals.

This is not the best approximation, however, because
we could use the other non-tree variables to capture more
correlation information of variables on the tree. Our idea
to capture more correlation information is to consider all
possible spanning trees of the absolute-pose target subgraph.
We first note that the original distribution can be duplicated
G times:

p({zij}ij∈K) =

G∏
k=1

pk
αk({zij}ij∈K),

where each pk is exactly equivalent to p({zij}ij∈K), and αk
is a weight term such that

∑
k αk = 1. We then approximate

each term pk as a product of marginals of variables on the
tree Sk:

p({zij}ij∈K) =

G∏
k=1

pαk(Sk) ≈
G∏
k=1

 ∏
zij∈Sk

pαk(zij)

 .

(11)

This approximation includes all possible relative-pose vari-
ables and promises to capture more correlation information
in the graph than using any single tree.

The weights αk allow us to capture additional information
in the approximation. Our idea is that trees whose marginal
approximation contains more information are better than
those with less information and should be assigned more
weight. As a heuristic, we use the total trace of information
matrices of all variables in the tree to quantify how much
information the tree approximation captures. Let λij be the
trace of variable zij’s information matrix. The weight for
each tree is chosen as:

αk =
Λk
Λall

,

where Λk ,
∑
zij∈Sk

λij is the approximate total informa-

tion of the tree Sk and Λall ,
∑G
l=1

(∑
zij∈Sl

λij

)
is the

approximate total information of all trees.
Let Hij be the number of spanning trees containing an

edge (i, j). Another way to compute the total information of
all trees is Λall =

∑
ij Hijλij . After some manipulation, the

approximation formula in (11) can be written as a product
of weighted marginals of all variables in the relative pose
graph:

G∏
k=1

 ∏
zij∈Sk

pαk(zij)

 =
∏
ij

pβij (zij), (12)

where βij =
Λall−Λ\ij

Λall
and Λ\ij denotes the total sum of

information of all trees that do not contain (i, j). In special
cases where all trees capture the same amount of information,
αk = 1/G, and the marginal weights are βij = Hij/G.

Still requiring elucidation are G—the number of spanning
trees in the absolute-pose target subgraph—and Hij—the
number of spanning trees containing the edge (i, j). For
general subgraph topologies, these numbers can be computed
in O(N3) time complexity using Kirchhoff’s matrix tree
theorem [15]. Moreover, closed-form formulas for G and Hij

exist for specific topologies. For example, a circular topology
provides Hij = N − 1 and G = N , while complete graphs
provide Hij = 2NN−3 and G = NN−2 (also known as
Cayley’s formula [15]). For these two topologies, Λ\ij can
be efficiently computed as Λ\ij = G\ij

∑
kl 6=ij λij , where

G\ij is the number of spanning trees in the graph after the
edge (i, j) is removed. This result leads to the following:

βij =

1−
∑

kl 6=ij λij

(N−1)
∑

kl λkl
for circular topology,

1− 1
2

(
N−1
N

)N−3
∑

kl 6=ij λij∑
kl λkl

for dense topology.

In summary, due to the exponential form of the Gaus-
sian p(zij), the approximate covariance of each new edge
(i, j) in the target absolute-pose subgraph is determined by
computing the marginal distribution p(zij) using the pose
composition formula, then weighting the marginal covariance
matrix by a factor of 1/βij .



Algorithm 1 Nonlinear approximation of marginalization
Input: A node X0 to marginalize out, pose measurements
(z̄0i,Σ0i}i=1..N relative to its neighbors {Xi}i=1..N , and a
target subgraph topology K.
Output: The distributions of the new relative pose measure-
ments Zij for each edge (i, j) ∈ K in the subgraph that best
approximate the result of marginalizing out X0.

1: for each edge (i, j) ∈ K: do
2: Compute the mean:

z̄ij = X∗i
−1X∗j

3: Compute the marginal covariance:

Σij = Adz−1
ij

Σ0iAdT
z−1
ij

+ Σ0j

4: Weight the covariance by a scale factor:

Σij ←
1

βij
Σij

5: end for

V. EXPERIMENTS

A. Verification on Simple Graphs

We first verify our algorithm on a graph topology consist-
ing of only three nodes and two edges (Fig. 5). The result is
equivalent to the standard pose composition technique (the
formula for the optimal covariance is shown in Algorithm 1,
Line 3). Interestingly, an example in [22] shows the technique
does not optimally minimize the KL divergence between
the linear marginal factor and the approximate nonlinear
relative pose factor. Their experiment computed different
pose covariances when using pose composition and NFR.
Since NFR is known optimal (as it directly minimizes the
KL divergence), the pose composition approach is shown to
be non-optimal.

We decided to revisit this experiment. In formulas (28)-
(29) in [22], the authors used two relative pose measurements

z̄10 =
[

0 0 π/2
]T

z̄02 =
[

1 0 0
]T (13)

with covariances of

Σ10 = Σ02 =

 2 1 0
1 2 1
0 1 2

 . (14)

Our results found their claim inaccurate. Using the exponen-
tial map representation of SE(2), both the pose composition
formula and the NFR method give the equivalent optimal
answer

Σ12 =

 4 2 0
2 8 4
0 4 4

 , (15)

reclaiming optimality of the pose composition approach for
this simple case.

We next try our method on a 3-neighbor subgraph with
ground-truth poses (x, y, θ) at X0 = (0, 0, 0), X1 =

Fig. 6. KL divergences for experiments with simple subgraphs

(−1, 1, 3π/4), X2 = (1, 1, π/4), and X3 = (1,−1,−π/4),
and covariance matrices as in the previous example (14). Fig.
6 plots our KL divergence results with different values of the
inverse Sigma’s scale factor s , βij . Since all spanning trees
capture the same amount of information, we expect a good
scale factor at s = Hij/G = 2/3. Fig. 6 confirms that the
minimal KLD value is attained when s = 2/3, therefore this
result is the optimal solution in the space of scaled marginal
covariance matrices.

Our experiments to approximate a 4-neighbor subgraph
with different target topologies also confirmed this finding.
We used the same ground-truth poses and covariances from
the previous 3-neighbor graph experiment while adding an
additional ground-truth pose X4 = (−1,−1,−3π/4) with
the same covariance. As shown in Fig. 6, s , βij = 0.5
for the dense target topology. This matches the theoretical
expectation of Cayley’s formula with s = Hij/G, where
Hij = 2 × 44−3 = 8 and G = 44−2 = 16. Computing
the result for circular topology also confirms the theoretical
formula with s = Hij/G = 3/4.

B. On Large Datasets

We tested our method on five different datasets and com-
pared it with NFR results from [22] and the pose composition
method (PC) without scale factors from [10]. Table I shows
our results on the datasets with different target subgraph
topologies (Tree, Circular, and Dense) and sparsity levels
in a full batch process. The testing process first constructs
and optimizes the full graph. Once complete, all spatially re-
dundant nodes are sequentially marginalized. Chow-Liu trees
are selected for the Tree topology. For the Circular topology,
circular subgraphs were constructed following the order of
indices of the neighboring nodes. For proper comparison with
our method, NFR was run without considering intra factors
connecting neighbor nodes, as those are not relevant with
respect to the marginalization formula (4).



TABLE I
SPARSIFICATION RESULTS ON LARGE DATASETS.

KLDS ARE COMPUTED IN SE(2) SPACE.

Approach Sparsity (50%) Sparsity (66.6%) Sparsity (75%) Sparsity (80%)
Dataset Topology Method KLD Time (s) KLD Time (s) KLD Time (s) KLD Time (s)

D
ud

er
st

ad
t

(2
D

)

54
5

no
de

s,
18

00
ed

ge
s

Tree
NFR 9.84 0.08 4.00 0.08 4.79 0.08 2.69 0.09
PC 9.84 0.12 4.00 0.14 4.79 0.16 2.69 0.17

Ours 9.84 0.11 4.00 0.14 4.79 0.17 2.69 0.16

Circular
NFR 12.04 2.84 7.37 3.81 8.98 3.98 6.83 14.93
PC 11.39 0.17 5.97 0.21 6.90 0.22 4.80 0.31

Ours 12.45 0.16 8.06 0.20 9.78 0.23 7.80 0.23

Dense
NFR NA NA NA NA NA NA NA NA
PC 25.63 0.41 31.40 0.55 32.64 0.60 38.06 0.68

Ours 16.07 0.42 11.09 0.53 11.08 0.59 10.35 0.62

E
E

C
S

(2
D

)

61
5

no
de

s,
21

34
ed

ge
s

Tree
NFR 22.33 0.14 13.19 0.15 7.27 0.23 7.03 0.29
PC 22.33 0.11 13.18 0.18 7.27 0.19 7.02 0.21

Ours 22.33 0.11 13.18 0.15 7.27 0.19 7.02 0.20

Circular
NFR 26.09 6.44 22.30 11.46 17.74 13.62 18.36 14.12
PC 25.05 0.17 20.35 0.26 15.40 0.29 16.02 0.34

Ours 26.81 0.17 24.00 0.24 19.73 0.28 20.72 0.31

Dense
NFR NA NA NA NA NA NA NA NA
PC 52.15 0.69 53.05 1.24 43.61 1.38 47.13 1.56

Ours 35.55 0.60 26.31 1.10 16.34 1.27 16.45 1.38

In
te

l

94
3

no
de

s,
18

33
ed

ge
s

Tree
NFR 64.37 0.09 46.68 0.10 39.18 0.12 36.48 0.12
PC 64.39 0.07 46.68 0.11 39.18 0.13 36.48 0.15

Ours 64.39 0.06 46.68 0.10 39.18 0.12 36.48 0.14

Circular
NFR 50.52 7.79 41.78 11.52 35.78 8.02 36.10 7.94
PC 60.98 0.10 51.93 0.16 45.69 0.19 49.73 0.21

Ours 50.78 0.10 43.58 0.15 39.40 0.17 41.23 0.20

Dense
NFR NA NA NA NA NA NA NA NA
PC 240.36 0.27 305.73 0.49 325.39 0.64 307.70 0.66

Ours 119.60 0.25 114.34 0.43 96.50 0.53 80.51 0.59

K
ill

ia
n

54
89

no
de

s,
76

26
ed

ge
s

Tree
NFR 130.90 0.43 127.29 0.42 69.40 0.44 99.80 0.45
PC 131.16 0.13 127.38 0.31 69.46 0.33 99.82 0.38

Ours 131.16 0.13 127.38 0.29 69.46 0.39 99.82 0.37

Circular
NFR 82.98 5.98 89.16 13.35 91.17 15.35 110.71 19.32
PC 133.30 0.23 250.90 0.51 296.07 0.62 313.22 0.71

Ours 83.02 0.30 91.56 0.48 81.47 0.63 119.33 0.70

Dense
NFR NA NA NA NA NA NA NA NA
PC 170.24 0.35 899.22 0.98 747.96 1.04 1252.48 1.44

Ours 92.68 0.26 234.65 0.93 155.12 0.99 208.87 1.43

M
an

ha
tta

n

35
00

no
de

s,
55

96
ed

ge
s

Tree
NFR 380.54 0.36 221.48 0.38 171.03 0.39 146.22 0.39
PC 380.62 0.12 221.77 0.21 171.11 0.25 146.40 0.31

Ours 380.62 0.12 221.77 0.19 171.11 0.24 146.40 0.29

Circular
NFR 237.04 11.43 187.70 16.66 227.56 21.12 211.52 22.85
PC 307.62 0.25 281.45 0.44 292.23 0.58 270.15 0.70

Ours 238.44 0.21 201.22 0.40 251.41 0.53 243.62 0.62

Dense
NFR NA NA NA NA NA NA NA NA
PC 893.26 0.49 1150.00 0.90 1390.25 1.35 1355.58 1.64

Ours 379.13 0.39 341.32 0.88 343.76 1.25 277.03 1.47

All experiments are performed and timed on a
MacbookPro11,3-Mid 2014 with a 2.8 GHz Core i7 CPU
and 16 GB of RAM. In each experiment, the sparse graph
after marginalization is compared with the full original
distribution using KLDs computed in se(2). This is notable
since NFR computes KLDs in g2o’s (x, y, θ) tangent space
representation [21], whereas our method operates on the
Lie algebra se(2). For a fair comparison, we convert the
covariances of NFR’s input graphs and its resulting graphs
to se(2) and compute the KLDs in that space. We also run
PC and our method on the se(2) version of the input graphs.

As shown in Table I, the KLDs of all three methods on
Tree topology subgraphs are nearly identical. This result
confirms the optimality of the pose composition method on
Tree topology subgraphs, as previously discussed in Section
IV-A. On the Circular topology, our method is slightly less
optimal than NFR, whereas PC marginally outperforms NFR
on small graphs (Duderstardt and EECS) but significantly
underperforms on large graphs (Killian and Manhattan). We
theorize the better-than-optimal performance of PC on small
graphs stems from nonlinearity errors in the g2o-to-se(2)
conversion, which linearly approximates and only remains



accurate for small rotations. Finally, our method significantly
outperforms PC on the Dense topology. Curiously, NFR
never finishes computing on the Dense topology within our
30 minute time ceiling. We note that [22] does not include
NFR results for the Dense topology.

In summary, the simplicity of our pose composition
method provides speedup over NFR by greater than an order
of magnitude for the Circular and Dense topologies. Our
method performs especially well on the Dense topology,
which NFR fails to finish in a reasonable amount of time.
Although our spanning tree analysis in Section V-A helps ex-
plain optimal scale factors in simple graphs for various target
topologies, our information-based scaling heuristics require
more generalized optimality, despite achieving significantly
better results than PC. Our approach yields better results for
the Dense topology over the Tree topology on Killian and
Manhattan, but only with a graph sparsity level of 50%. The
result does not hold for higher sparsity levels. The optimal
scaling factor still awaits discovery.

VI. CONCLUSIONS AND FUTURE WORK

We have demonstrated a fast and near optimal method for
the nonlinear approximation of node marginalization on pose
graphs based on the simple pose composition approach. Our
relative-pose reparameterization view helps avoid the issue of
linearization points and re-establishes the optimality of pose
composition in full-rank tree target subgraph topology. We
have also contributed a method to approximate a degenerate
low-rank Gaussian distribution as a scaled version of the pose
composition method. Due to the pose composition approach,
our method is efficient and simple enough to implement on
resource-constrained robot platforms. Although our method
is fast and nearly optimal as demonstrated in the experiments,
a method achieving optimality while being suitable for
resource-constrained robotics platforms still remains an open
and interesting research problem.
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Scaramuzza, José Neira, Ian Reid, and John J Leonard. Past, present,
and future of simultaneous localization and mapping: Toward the
robust-perception age. IEEE Transactions on Robotics, 32(6):1309–
1332, 2016.

[4] Nicholas Carlevaris-Bianco and Ryan M. Eustice. Generic factor-based
node marginalization and edge sparsification for pose-graph SLAM.
pages 5728–5735, 2013.

[5] Nicholas Carlevaris-Bianco and Ryan M Eustice. Long-term simul-
taneous localization and mapping with generic linear constraint node
removal. In 2013 IEEE/RSJ International Conference on Intelligent
Robots and Systems, pages 1034–1041. IEEE, 2013.

[6] L. Carlone, G. C. Calafiore, C. Tommolillo, and F. Dellaert. Planar
pose graph optimization: Duality, optimal solutions, and verification.
IEEE Transactions on Robotics, 32(3):545–565, June 2016.

[7] Luca Carlone, Rosario Aragues, José A Castellanos, and Basilio Bona.
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